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Abstract. Lie-Yamaguti algebras (or generalized Lie triple systems) 
are binary-ternary algebras intimately related to reductive homogeneous 
spaces. The Lie-Yamaguti algebras which are irreducible as modules 
over their Lie inner derivation algebra are the algebraic counterpart of 
the isotropy irreducible homogeneous spaces. 

These systems will be shown to split into three disjoint types: adjoint 
type, non-simple type and generic type. The systems of the first two 
types will be classified and most of them will be shown to be related to 
a Generalized Tits Construction of Lie algebras. 



1. Introduction 

Let G be a connected Lie group with Lie algebra q, H a closed subgroup 
of G, and let f) be the associated subalgebra of g. The corresponding homo- 
geneous space M = G/H is said to be reductive ([231 §7]) in case there is a 
subspace m of g such that g = f) © m and Ad{H){m) C m. 

In this situation, Nomizu proved [23^ Theorem 8.1] that there is a one- 
to-one correspondence between the set of all G-invariant affine connections 
on M and the set of bilinear multiplications a : m x m ^ m such that the 
restriction of Ad{H) to m is a subgroup of the automorphism group of the 
nonassociative algebra (m, a). 

There exist natural binary and ternary products defined in m, given by 

x-y = TTm{[x,y]), ^^^^ 

[x,y,z] = [7rt,([x,y]),z], 

for any x,y, z G m, where vrf, and vTm denote the projections on f) and m 
respectively, relative to the reductive decomposition g = f) © in. Note that 
the condition Ad{H){m) C m implies the condition [{),m] C m, the converse 
being valid if H is connected. 

There are two distinguished invariant affine connections: the natural con- 
nection (or canonical connection of the first kind), which corresponds to 
the bilinear multiplication given by a{x, y) = ^x ■ y for any x,y ^ m, which 
has trivial torsion, and the canonical connection corresponding to the trivial 
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multiplication: a{x, y) = for any x,y £ m. In case the reductive homo- 
geneous space is symmetric, so [m, m] C f), these two connections coincide. 
For the canonical connection, the torsion and curvature tensors are given on 
the tangent space to the point eH G M (e denotes the identity element of 
G), which can be naturally identified with m, by 

T{x,y) = -x-y, R{x,y)z = -[x,y, z], 

for any x,y, z € m (see [23l Theorem 10.3]). 

Moreover, Nomizu showed too that the affine connections on manifolds 
wiht parallel torsion and curvature are locally equivalent to canonical con- 
nections on reductive homogeneous spaces. 

Yamaguti |3T] considered the properties of the torsion and curvature of 
these canonical connections (or alternatively, of the binary and ternary mul- 
tiplications in and thus defined what he called the general Lie triple 
systems, later renamed as Lie triple algebras in [T^]. We will follow here 
the notation in [181 Definition 5.1], and will call these systems Lie- Yamaguti 
algebras: 

Definition 1.1. A Lie-Yamaguti algebra {m,x ■ y,[x ,y , z]) (LY- algebra for 
short) is a vector space m equipped with a bilinear operation • : m x m — > 
m and a trilinear operation [,,] : mxmxm — > m such that, for all 
X, y, z, u,v,w G m: 

(LYl) x-x = 0, 
(LY2) [x,x,y]=0, 

(LY3) E(.,y,z){[x,y,^] + i^-y)-^)=o, 
(LY4) Ei.,y,4^-y,^,t] = o, 

(LY5) [x,y,u-v] = [x,y,u\ ■ v + u ■ [x,y,v], 

(LY6) [x,y,[u,v,w]] = [[x,y,u\,v,w\ + [u,[x,y,v],w] + [u,v,[x,y,w]]. 

Here Yl{x y z) ™6ans the cyclic sum on x, y, z. 

The LY-algebras with x ■ y = for any x, y are exactly the Lie triple 
systems, closely related with symmetric spaces, while the LY-algebras with 
[x, y,z] = are the Lie algebras. Less known examples can be found in [2] 
where a detailed analysis on the algebraic structure of LY-algebras arising 
from homogeneous spaces which are quotients of the compact Lie group G2 
is given. 

These nonassociative binary-ternary algebras have been treated by several 
authors in connection with geometric problems on homogeneous spaces |16[ 
\T7\ [2H [25l I26j . but no much information on their algebraic structure is 
available yet. 

Given a Lie-Yamaguti algebra (m, x • y,[x,y,z]) and any two elements 
x,y £ m, the linear map D{x,y) : m — > m, z 1— > D{x,y){z) = [x,y,z] 
is, due to (LY5) and (LY6), a derivation of both the binary and ternary 
products. These derivations will be called inner derivations. Moreover, let 
D{m,m) denote the linear span of the inner derivations. Then D(xn,m) 
is closed under commutation thanks to (LY6). Consider the vector space 
g(m) = D{m, m) ©m, and endow it with the anticommutative multiplication 



IRREDUCIBLE LIE-YAMAGUTI ALGEBRAS 



3 



given, for any x, y,z,t & m, by: 

[D{x, y), D{z, t)] = D{[x, y, z],t) + D{z, [x, y, t]), 

[D{x, y), z] = D{x, y){z) = [x, y, z], (1.2) 

[z,t\ = D{z,t) + z-t. 

Note that the Lie algebra L'(m,m) becomes a subalgebra of 5(m). 

Then it is straightforward [3l] to check that 0(m) is a Lie algebra, called 
the standard enveloping Lie algebra of the Lie-Yamaguti algebra m. The 
binary and ternary products in m coincide with those given by (jl.ip . where 
f) = D{m, m). 

As was mentioned above, the Lie triple systems are precisely those LY- 
algebras with trivial binary product. These correspond to the symmetric 
homogeneous spaces. Following [23, §16], a symmetric homogeneous space 
G/H is said to be irreducible if the action of ad on m is irreducible, where 
= f) m is the canonical decomposition of the Lie algebra 9 of G. 

This suggests the following definition: 

Definition 1.2. A Lie-Yamaguti algebra (m, x ■ y, [x, y, z]) is said to be irre- 
ducible if m is an irreducible module for its Lie algebra of inner derivations 
D{xn,m). 

Geometrically, the irreducible LY-algebras correspond to the isotropy ir- 
reducible homogeneous spaces studied by Wolf in [30] "as a first step toward 
understanding the geometry of the riemannian homogeneous spaces" . Like- 
wise, the classification of the irreducible LY-algebras constitutes a first step 
in our understanding of this variety of algebras. Concerning the isotropy 
irreducible homogeneous spaces. Wolf remarks that "the results are surpris- 
ing, for there are a large number of nonsymmetric isotropy irreducible coset 
spaces G/K, and only a few examples had been known before. One of the 
most interesting class is SO (dim IT)/ ad-ftT for an arbitrary compact simple 
Lie group iiT". These spaces SO(dimi^)/ adi^ show a clear pattern, but 
there appear many more examples in the classification, where no such clear 
pattern appears. 

Here it will be shown that most of the irreducible LY-algebras follow clear 
patterns if several kinds of nonassociative algebraic systems are used, not 
just Lie algebras. In fact, most of the irreducible LY-algebras will be shown, 
here and in the forthcoming paper [H], to appear inside simple Lie algebras 
as orthogonal complements of subalgebras of derivations of Lie and Jordan 
algebras, Freudenthal triple systems and Jordan pairs. 

Let us fix some notation to be used throughout this paper. All the alge- 
braic systems will be assumed to be finite dimensional over an algebraically 
closed ground field k of characteristic 0. Unadorned tensor products will be 
considered over this ground field k. Given a Lie algebra g and a subalge- 
bra f), the pair {q,1)) will be said to be a reductive pair (see ^5j) if there 
is a complementary subspace m of f) with [f),m] C m. The decomposition 
= P) m will then be called a reductive decomposition of the Lie algebra 0. 

In particular, given a LY-algebra (m, x-y, [x, y,z]), the pair (0(m), D{m, m)) 
is a reductive pair. 

The following result is instrumental: 
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Proposition 1.3. Let g = f) m 6e a reductive decomposition of a simple 
Lie algebra q, with m 7^ 0. Then g and f) are isomorphic, respectively, to 
the standard enveloping Lie algebra and the inner derivation algebra of the 
Lie-Yamaguti algebra (m, x • y, [x,y,z]) given by (jl.ip . Moreover, in case i) 
is semisimple and m is irreducible as a module for i), either \r) and m are 
isomorphic as ad f) -modules or m = f)"*", the orthogonal complement of f) 
relative to the Killing form of g . 

Proof. For the first assertion it is enough to note that 7r(,([m,m]) © m(= 
[m,m] + m) and {x G f) : [x,m] = 0} are ideals of g. Hence, if g is simple, 
7r(j([m,m]) = f} holds, and f) embeds naturally in D{m,m) C Endfc(m). From 
here it follows that the map g g(Tn) given by /i € f) 1-^ ad /i |m and x € m 
X is an isomorphism from g to g(m) which sends f) onto -D(m, m). Moreover, 
in case is semisimple, f) is anisotropic with respect to the Killing form of g 
(by Cartan's criterion, as g is a faithful adg f}-module), so g = f) © f)"*" and the 
orthogonal projection, 7r[,(m) from m onto is an ideal of f). By irreducibility 
of m, either 7r[j(m) = and therefore m = f)"*", or m is isomorphic to 7r^{m). 
In the latter case, since the action of on m is faithful, it follows that 
f) = vr[j(m), as required. □ 

The paper is organized as follows. Section 2 will be devoted to establish 
the main structural features on Lie inner derivations and standard envelop- 
ing Lie algebras of the irreducible LY-algebras. These will be split into three 
non-overlapping types: adjoint, non-simple and generic. The final result in 
this section shows that LY-algebras of adjoint type are essentially simple 
Lie algebras. The classification of the LY-algebras of non-simple type is the 
goal of the rest of the paper, while the generic type will be treated in a 
forthcoming paper. Section 3 will give examples of irreducible LY-algebras, 
many of them appearing inside Lie algebras obtained by means of the Tits 
construction of Lie algebras in [29] in terms of composition algebras and 
suitable Jordan algebras. Then in Section 4 these examples will be shown 
to exhaust the irreducible LY-algebras of non-simple type. 

2. Irreducible Lie-Yamaguti algebras. Initial glassifigation 

For irreducible LY-algebras m, the irreducibility as a module for D{m, m), 
together with Schur's Lemma, quickly leads to the following result: 

Theorem 2.1. Let (m, x • y, [x, y, z]) be an irreducible LY-algebra. Then 
D(m,m) is a semisimple and maximal subalgebra of the standard enveloping 
Lie algebra g(m). Moreover, g(m) is simple in case m and D{m,m) are not 
isomorphic as D(m,m) -modules. 

Proof. Any subalgebra M of g(m) containing D{m,m) decomposes as M = 
D{m,m) © (M n m), thus M = D{m,m) or g(m) by the irreducibility of 
m. Hence D{m,m) is a maximal subalgebra. The irreducibility of m also 
implies that L'(m,m) is a reductive algebra with dim Z(Z)(m, m)) < 1 (see 
[TTl Proposition 19.1]). If Z{D{m,m)) = Fz, Schur's Lemma shows that 
there is a scalar a € k such that adg(^) z aLd holds. In this case, for 
any x, y G m we have 

ad0(m) z{[x, y]) = 2a[x, y] (2.1) 
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If a 7^ 0, since 2a is not an eingenvalue of adg(m) z, from (j2.ip it follows that 
[m, m] = 0, so D{m,m) = 0, a contradiction. Hence a = which implies 
z = because m is a faithful module for D{m,m), and therefore D{m.,m) is 
semisimple. 

Finally, if m is not the adjoint module for D{m,m), given a proper ideal 
/ of 0(m), we have I n m = 0: otherwise, I n m = m and then 0(m) = 
m + [m, m] Q I, a contradiction. Hence [/ n D(m, m),m] = and therefore 
/ n D(m,m) = 0. By maximality of D{m,m), Q{m) can be decomposed as 

0(m) = L>(m,m) ©/ = L>(m,m) ©m (2.2) 

thus I is isomorphic to m as L>(m, m)-modules. From (12. 2p . m © I is a 
L)(m, m)-module isomorphic to m © m and it is easily checked that P = 
(m © /) n D{m,m) is a nonzero ideal of D(m,m) isomorphic to m. So that 
D{m,m) = P (B Q (direct sum of ideals). Now, as [P,Q] = and P is 
isomorphic to m as -D(m, m)-modules, [(5,m] = follows, and therefore, 
since m is a faithful module, Q = and this contradicts the fact that m is 
not the adjoint module for L>(m,m). □ 

The previous theorem points out two different situations depending on the 
LY-algebra module behavior. This observation, together with Proposition 
11.31 leads to the following definition and structure result: 

Definition 2.2. A LY-algebra m is said to be of adjoint type if m is the 
adjoint module for the inner derivation algebra D(m,m). 

Corollary 2.3. The irreducible LY-algebras which are not of adjoint type 
are the orthogonal subspaces of their inner derivation algebras relative to the 
Killing form of their standard enveloping Lie algebras. In particular, these 
irreducible LY-algebras are contragredient modules for D(m,m). □ 

Note that Theorem 12.11 guarantees the simplicity of standard envelop- 
ing Lie algebras of the non-adjoint irreducible LY-algebras. In the adjoint 
type, according to Theorem 12.41 below, the standard enveloping Lie alge- 
bras are never simple. So these results split the classification of irreducible 
LY-algebras into the following non overlapping types: 

Adjoint Type: m is the adjoint module for D{m,m) 
Non-Simple Type: D(m, m) is not simple (2.3) 
Generic Type: Both ^(m) and D{m,m) are simple 

Moreover, the complete classification of the first type is easily obtained as 
we shall show in the sequel. The non-simple type will be studied in Section 
4, while the generic type will be the object of a forthcoming paper [3j. 

Given any irreducible LY-algebra of adjoint type (m, x • y, [x,y,z]), the 
inner derivation Lie algebra D(m,m) is simple. Thus from [3] the subspace 

HomB(„^^)(A2m,m) (2.4) 

is one dimensional and spanned by the Lie bracket in D{m,m). So, given a 
L)(m, m)-module isomorphism ip : D{m,m) m, the maps 



m X m ^ m, {x,y) ^ x ■ y 



(2.5) 
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and 

I) : m X m ^ m, {x,y) ^ f{D{x, y)) = (p{[x, y, -]) (2.6) 
belong to the vector space in (|2.4|) . and hence there exist scalars a,/] £ k, 
P ^ 0, such that 

ip{x) ■ ip{y) = aip{[x,y]) (2.7) 
Di^ix),^iy))=pipi[x,y]) (2.8) 
for any x,y E D{m,m). Moreover, there is then an isomorphism of Lie 
algebras: 

B(m) = D{m,m)®ip{D{m,m)) ^ K D{m,m), (2.9) 
where K is the quotient A;[t]/(t^ — at — (3) of the polynomial ring on the 
variable t, that maps x + (p{y) to l^x + t^y, for any x,y G L'(m,m), where 
t denotes the class of the variable t modulo the ideal {t^ — at — (3). Now, 
depending on a, two different situations appear: 

• If a = 0, it can be assumed that (3 = 1 (by taking ■^'^ instead 
of (p). In this case, m is a LY-algebra with trivial binary product, 
so a Lie triple system, isomorphic to the triple system given by the 
Lie algebra -D(m, m) with trivial binary product and ternary product 
given by z] = In this case, 0(m) is the direct sum of 
two copies of Z)(m,m). 

• If a 7^ 0, it can be assumed that a = 1 (by taking ^ip instead of 
ip). Then m is isomorphic to the the LY-algebra D{m., m) with binary 
and ternary products given by x-y = [x,y\ and [x, y, z] := /3[[x, y], z]. 
Moreover, if /3 / —1/4 (equivalently, K = k x k), 0(m) is the direct 
sum of two copies of D{m,m). In case (3 = —1/4, the enveloping Lie 
algebra 0(m) is isomorphic to the Lie algebra k[t]/{t'^) -D(m,m), 
whose solvable (actually abelian) radical is (t)/(t^) D{m,m). 

Now, from our previous discussion we obtain: 

Theorem 2.4. Up to isomorphism, the LY-algehras of adjoint type are the 
simple Lie algebras L with binary and ternary products of one of the follow- 
ing types: 

(i) X ■ y = and [x, y, z] = [[x, y], z] 

(ii) X • y = [x, y] and [x, y, z] = (3[[x, y],z], {3^0 

where [x,y] is the Lie bracket in L. Moreover, the standard enveloping Lie 
algebra is a direct sum of two copies of the simple Lie algebra L in case 
(i) or case (ii) with (3 / —1/4. In case (ii) with (3 = —1/4, the standard 
enveloping Lie algebra is isomorphic to k[t]/{t'^) ® L. □ 

Remark 2.5. This Theorem, together with Theorem 12. H shows that the 
adjoint type in ()2.3p does not overlap with the other two types, as the 
standard enveloping Lie algebra is never simple for the adjoint type, while 
it is always simple in the non-simple and generic types. □ 

3. Examples of non-simple type irreducible LY-algebras 

Several examples of irreducible LY-algebras and of its enveloping Lie al- 
gebras will be shown in this section. In the next section, these examples 
will be proved to exhaust all the possibilities for non-simple type irreducible 
LY-algebras. 
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3.1. Classical examples. Given a vector space V and a nondegenerate 
e-symmetric bilinear form ip on V (that is, is symmetric if e = 1 and 
skew-symmetric if e = —1), consider the Lie algebra 5tttt3{V,ip) = {/ G 
qI{V) : (p{f{v),w) = —(p{v,f{w)) yv,w G V} of skew symmetric linear 
maps relative to ip. Thus, shtoiV^ip) = 5o(y,ip) (respectively sp{V,ip)) if (p 
is symmetric (respectively skew-symmetric). This Lie algebra 5tttt3{V,(p) is 
spanned by the linear maps ip^^w = ^{v, ■)w — eip{w, .)v, for v,w G V. The 
bracket of two such linear maps is given by: 



for any o, b,x,y € V. 

Moreover, the subspace st)va{V,ip) = {/ G Endk{V) : (p{f{v),w) = 
ip{v,f{w)) \/v,w G V} of the symmetric linear maps relative to (p is closed 
under the symmetrized product: 



{si)m{V, ip) is a special Jordan algebra.) Use will be made of the subspace of 
trace zero symmetric linear maps, which will be denoted by 5i)mQ{V,ip). It 
is clear that 5i)m(y,ip) = kly © st)mo(F, v?), where ly denotes the identity 
map on V. 

Example 3.1. Let {Vi,ipi), i = 1,2, be two vector spaces endowed with 
nondegenerate e-symmetric bilinear forms (e = ±1), with 1 < dim 14 < 
dim V2. Consider the direct sum © V2 with the nondegenerate e-symmetric 
bilinear form given by the orthogonal sum ip = ipi -L ip2- Then, under the 
natural identifications. 



This gives a Z2-grading of 5hnj{Vi (BV2,ip). As a module for the even part 
shmiVi, ipi) © 56elD(V2, V'2), the odd part ipv-i,V2 is isomorphic to Vi V2, 
and it is irreducible unless e = 1 and either dimVi = 1 and 1 < dimV2 < 2, 
or dimVi = 2. The Lie bracket of two basic elements in ipvi,V2 is, due to 
p.ip and since Vi and V2 are orthogonal, given by: 

[V'xi,X2,^yi,y2] = V2{x2,y2){^l)x^,y-, + ipi{xi,yi){ip2)x2,y2, 

for any Xi,yi G Vi and X2,y2 G V2. 

Therefore, unless e = 1 and either dimVi = 1 and 1 < dimV2 < 2, or 
dim Vi = 2, m = Vi V2 is an irreducible LY-algebra (actually an irreducible 
Lie triple system) with trivial binary product, and ternary product given by 



[Va,fe, ^x,y] - V^a,b{^),y + 

= ip{a, x)ipb,y - ip{x, b)ipa,y - ip{y, a)ipb^^ + ip{b, y)ipa,. 



a,x 5 



(3.1) 



5htv{Vi © V2, ip) = {ipVuVi © V>V2,V2) ffi ¥^^1,^2 

= (s€ett)(Vi,(/?i) ffi5tett)(V'2,v?2)) ®ipvi,V2- 



(see ([ni)): 



[2:1 X2,yi ^ 2/2, Zi Z2] = ip2{x2,y2) (ipi). 




(3.2) 
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Example 3.2. Let (Vi,(pi) be a vector space endowed with a nondegenerate 
ej-symmetric bilinear form (i = 1,2), with 2 < dimVi < dimV2- Then 
Vi V2 is endowed with the nondegenerate eie2-symmetric bihnear form 
ip = (fi <Si ^2- For i = 1,2, we have: 

g[(Vi) =5U\xi{Vi,(pi)®s\;)m{Vi,ipi) = 5U\xi{Vi,ipi) ® s\;)mo{Vi,(fi) ® klvi, 

and 

3im{Vi ®V2,ip) 

= (sim{Vi,ipi) klv2 © klvi (8)s5erD(V2,v72))© 

(s6crD(Vi,(/7i) (gist)mo(V2,(/72)) © (st)mo(Vi, (/^i) © sfiett)(V2, (/72 



This provides a reductive decomposition q = [)©mof0 = s?etr(Vi © 
V2,(p), where f) ~ shtt>{Vi,(pi) (B 5h\xi{V2,(p2) and m = [shtti{Vi,ipi) © 

st)mo(F2,(/72)) © {st)mo{Vi,ipi) (^5tm(y2,^p2))■ 
ln this situation, if m is an irreducible module for f), then dim 14 = 2 and 
ei = — 1 (which forces st)mo(Vi, v'l) to be trivial). 

Assuming dimVi = 2, ei = —1, and dimV2 = n > 2, then m = 
5p(Vi,yji) © 5t)mo(V2, (/72) is an irreducible module for t) if and only if ei- 
ther €2 = —1 and diml/^ = 2m > 4, or €2 = 1 and dimV2 ^ 3. 

With these assumptions, for a,b £ sp(yi,(/Ji) and f,g £ sr)mo(V2, 9?2)5 
ab + ba = ti{ab)lvi (as 5p(Vi,(/3i) is isomorphic to the Lie algebra s[2(A;)), 
and hence ab = |([a, 6] + tr(o6)lvi) and ba = |(— [a,6] + tr(o6)lvi) hold. 
Moreover, if the dimension of V2 is n, then for any f,gG 5t)mo(V2, 972)) the 
element fg + gf - ^ tv{fg)lv2 also belongs to 5t)mo{V2, ip2)- 
Now, for any a,b G 5p{Vi, (fi) and f,g€ st)mo(F2, 9^2): 

[a © /, 6 © 5] = ab (S) fg — ba ® gf 

= \ [a, ^'l © (/5 + 5/) + ^ tr(a6)lvi © [/, g\ 

1 1 \ (3.3) 

[a, 6] © - tr(/5)li/2 + - tr(a6)lyi © [/, 5] 
n 2 / 

+ ^[a,&]© (/5 + 5/-^tr(/g)ly,). 

Therefore, the binary and ternary products in the irreducible LY-algebra 
m = 5\t\o{y\,ip\) © srimo(V2, V2) are given by: 

(a © /) • (6 © 5) = \\a, b\ ^{fg + gf-- tv{fg)lv,), 

" (3.4) 
1 1 

[a©/,6©ff,c©/i] = -tr{fg)[[a,b],c]®h+ -tr{ab)c0[[f,g],h], 

for any a,b,c G shtv{Vi,ipi) = 5l{Vi) and f,g,he srimo(V2, (p2)- 

Note that for 62 = —1 and dim V2 = 4, it is easily checked that [[a, b],c] = 
2tv{bc)a — 2tr(ac)6 for any a,b,c E sl(Vi), while fg + gf — |tr(/5r)lv2 = 
and [[f,g\,h] = tT{gh)f -tT{fh)g for any f,g,h e 5[)mo{V2,(p2)- Hence ([331) 
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becomes in this case 

(a®/) -(6 5) = 0, 

[a /, 6 (7, c (g) /i] = ^ tT{fg) (tr(6c)a — ti{ac)b) (g) h 

+ ^ tr{ab)c (tr(5/i)/ - tr(//i)5) , 

for any a,b,c G 3htv{Vi,ipi) = sl{Vi) and f,g,h G srimo(1^2, ¥'2), and thus 
the triple product coincides with the expression in (13. 2p for (/?i(a, b) = tr(a6) 
and V'2(/)5) = ~^ti'(/9')- Therefore, the irreducible Lie-Yamaguti algebras 
obtained here for dirndl = 2, dimV2 = 4 and ei = — 1 = £2 coincides with 
the one obtained in Example 13.11 for two vector spaces of dimension 3 and 
5. □ 



Example 3.3. Let now Vi and V2 be two vector spaces with 2 < dimVi < 
dim V2- The algebra of endomorphisms of the tensor product Vi V2 can 
be identified with the tensor product of the algebras of endomorphisms of 
Vi and V2. Moreover, the general Lie algebra Qi{Vi) decomposes as Ql{Vi) = 
klv, (B5l{Vi). Then 

5i{Vi ® V2) = {sliVi) kiv,) e {kiv, 0siiV2)) e {siiVi) 5i(y2)) 

~ (s[(Fl) ©51(^2)) e (Sl(yi) (8)51(^2)) 

gives a reductive decomposition, and this shows that m = s[(Vi) ® 5l(V2) 
is an irreducible LY-algebra. For a,b £ 5l{Vi), both [a,b] = ab — ba and 
ab + ba — ■^t^{ab)lv^ belong to sl(Vi), where nj denotes the dimension of 
Vi, i = 1,2. Therefore, for any a, 6 G s[(yi) and /, 5 G 5[(V2): 

[a (g) /, 6 5] = ab ® fg - ba iS> gf 

= ([a,b] ^—tr{fg)lv2 + — tr(a6)ly, ® [f,g] 
\ n2 ni 

+ (i[a, b] ^{fg + gf-1- tr(/g) V,) ^^'^^ 

+ {ab + ba- —tT{ab)lv,)^l:[f,g] 
rii 2 / 

Hence, the binary and the ternary products in the irreducible LY-algebra 
m = s[(yi) (8)s[(V2) are given by: 

(a ® /) • (6 5) = ^ [a, b] ®{fg + gf-— tr(/g)ly,) 
2 n2 

2 1 

+ {ab + ba - — tr(a5)lyj -[f,g], (3 5) 

[a(^f,b^g,c(g)h] = [[a,b],c] — tr(fg)h + — tr(a6)c® [[f,g],h], 

n2 rii 

for any a,b,c £ s[{Vi) and f,g,hG sl(V2). 

Note that, as noted in Example 13.21 if dimVi = 2, then for any a,b,c G 
5l(Vi), 06 + 6a — tr(a6)lvi = 0, while [[o, 6],c] = 2 tr(6c)a — 2 tr(ac)6. Hence, 
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if dimVi = dimV2 = 2, ()3.6p becomes: 
(a /) • (6 5) = 0, 

[aiS> f,biS> g,ciS> h] = tr(/g) (tr(6c)a — tr(ac)6) (g) h 

+ tT{ab)c^{tiigh)f -tT{fh)g), 

for any a,b,c E sliVi) and f,g,h € s((V2), and thus the triple product 
coincides with the expression in (j3.2|) for (/?i(a,6) = tr(a6) and ip2{f,g) = 
— tr{fg). Therefore, the irreducible Lie-Yamaguti algebras obtained here 
for dim V\ = 1 = dim V2 coincides with the one obtained in Example 13.11 for 
two vector spaces of dimension 3. □ 

3.2. Generalized Tits Construction. Examples 13.11 and 13.21 can be seen 
as instances of a Generalized Tits Construction, due to Benkart and Zel- 
manov [5j , which will now be reviewed in a way suitable for our purposes. 

Let X be a unital /c-algebra endowed with a normalized trace t : X ^ k. 
This means that t is a linear map with = 1, t{xy) = t{yx) and t{{xy)z) = 
t{x{yz)) for any x,y,z G X. Then X = kl (B Xq, where Xq = {x G X : 
t{x) = 0} is the set of trace zero elements in X. For x,y (z Xq, the element 
X *y = xy — t{xy)l lies in Xq too, and this defines a bilinear multiplication 
on Xq. Assume there is a skew-symmetric bilinear transformation D : Xq x 
Xq Der(X), where Der(X) denotes the Lie algebra of derivations of X, 
such that Dx^y leaves invariant Xq and [E,Dx^y] = DE(x),y + Dx^E{y)i 
any x,y € Xq and E G Dxq,Xo- Here Dxq,Xq denotes the Lie subalgebra of 
Der(X) spanned by the image of the map D. 

An easy example of this situation is given by the Jordan algebras of 
symmetric bilinear forms: let V hea. vector space endowed with a symmetric 
bilinear form ip, then J{V, ip) = kl ® V, with commutative multiplication 
given by 

(al + v){pi + w) = (al3 + ip{v, w)) 1 + [aw + [3v) , 

for any a, P & k and v,w € V. Here the normalized trace is given by t(l) = 1 
and t{v) = for any v (z V, while the skew symmetric map D is given by 
D{v,w) = ify^w for any v,w GV. 

Let y = /cl © Yq be another such algebra, with normalized trace also de- 
noted by t, multiplication on Yq denoted by ★ and analogous skew-symmetric 
bilinear map d :Yq x Yq ^ Der(y). Then the vector space 

T{X, Y) = Dxo,Xo e {Xq Yq) © dvoXo (3-7) 
is an anticommutative algebra with multiplication defined by 
Dxo,Xo aiid dyoXo subalgebras of T{X,Y), 

[Dxo,Xo,dYo,Yo] = 0' 

[D,x(g)y] = D{x)(g)y, (3.8) 
[d, X © y] = X (g) d{y), 

[x ®y,x' ® y] = t{yy')Dx,x' + {x * x) ® {y -k y) + t{xx)dy^yi , 
for any x,x' G Xq, y,y' ^Yq, D e Dxo,Xo and d G dvoXo- 
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Proposition 3.4. ([5j Proposition 3.9]) The algebra T(X,Y) above is a Lie 
algebra provided the following relations hold 

(i) ^ t((Xl * X2)X3) dy^^y^^y^ = 0, 

O 

(ii) X] * ^2)2/3) D^i*x2,xi = 0, 

O 

(iii) X](-^^i'^2(^3) ^t{yiy2)y3 + (xi * X2) * X3 (g) (yi ^^2) *y3 

+ t{xiX2)x3 (g) ^2/1,2/2(^3)) = 

for any xi,X2,X3 G Xq and any yi,y2,y3 G Yq- The notation " indicates 

O 

summation over the cyclic permutation of the indices. 

Note that, in case T{X,Y) is a Lie algebra, then Xq (g Yq becomes a 
LY-algebra with binary and ternary products given by 

(xi g) yi) • (x2 (g ^2) = (xi * X2) <g (yi ★ y2), 
[xi g)yi,X2 <gy2,X3 ^ys] = D^,^^^^{x3) t(yiy2)y3 (3.9) 

+ t(xiX2)x3 (g dj/i,j/2(y3), 

for any xi,X2,X3 € Xq and yi,y2,y3 G ^o- This will be called the Lie- 
Yamaguti algebra inside T{X,Y). 

Remark 3.5. An important example where T'(X, Y) is a Lie algebra arises 
when Jordan algebras of symmetric bilinear forms are used as the ingredients 
[U 3.28]. If {Vi, ifi) and (V2, (P2) are two vector spaces endowed with nonde- 
generate symmetric bilinear forms and J7i = jT{Vi, ipi) and J^2 = J^2^ V2) 
are the corresponding Jordan algebras, then T)[j^)q,{j^)(, = so(Vi,(/9j) = 
sttXviVi, ifi), i = 1,2, and the reductive decomposition 

T{Jl,J2) = (^Ui)o,(Jl)o ® ^(j2)o,(J2)o) ® ((^1)0 ® (^2)0) 

~ (so(Vi, ipi) e so(V2, ^22)) © {Vi <g V2) 

coincides, with the natural identifications, with the reductive decomposition 
in Example 13.11 with e = 1. Therefore, the LY-algebras in Example 13.11 with 
e = 1, are the LY-algebras obtained inside the Generalized Tits Construction 
T{J^i,J2), where and J2 are Jordan algebras of nondegenerate symmetric 
bilinear forms. 

Moreover, the Generalized Tits Construction T{X, Y) can be assumed to 
be associated with algebras (Xq, *) and {YQ,-k) having skew-symmetric bilin- 
ear forms, and with symmetric maps D and d (see [5, 3.33]). In particular, 
it works when = ^1 © ^ is the Jordan superalgebra of a nondegenerate 
skew-symmetric bilinear form ipi, i = 1,2. Here the even part of the su- 
peralgebra J'i is just kl, while the odd part is Vi. With exactly the same 
arguments as above, it is checked that the LY-algebras in Example 13. II with 
e = — 1, are exactly the LY-algebras obtained inside the Generalized Tits 
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Construction T[Ji^ where Ji and J2 are Jordan superalgebras of non- 
degenerate skew-symmetric bilinear forms. □ 

But the Generahzed Tits Construction has its origin in the Classical Tits 
Construction in pU], which is the source of further examples of LY-algebras. 

Example 3.6. (Classical Tits Construction) 

Let C be a unital composition algebra with norm n (see |12]). Thus, C is a 
finite dimensional unital A:-algebra, with the nondegenerate quadratic form 
n : C ^ k such that n{ah) = n{a)n{b) for any a,b ^ C. Then, each element 
satisfies the degree 2 equation 

-tr(a)a + n(a)l = 0, (3.10) 

where tr(a) = n(a, 1) (= n(a + 1) — n(a) — n(l)) is called the trace. The 
subspace of trace zero elements will be denoted by Cq. The algebra C is 
endowed of a canonical involution, given by x = tr(a;)l — x. 

Moreover, for any a,b C, the linear map Da^b '■ C ^ C given by 

Da,bic) = ^([[a,b],c]+3{a,c,b)^ (3.11) 

where [a, b] = ab — ba is the commutator, and (a, c, b) = {ac)b — a{cb) the 
associator, is a derivation: the inner derivation determined by the elements 
o, b (see [271 Chapter III, §8]). These derivations span the whole Lie algebra 
of derivations Der(C). Moreover, they satisfy 

Da,b = —Db,a, Dab,c + Dbc,a + Dca,b = 0, (3.12) 

for any a,b,c S C. The normalized trace here is t = ^ tr, and the multipli- 
cation * on Cq is just a * b = ab — t{ab)l = ^[a, b], since ab + ba = tr(a6)l, 
for any a, 6 G Cq. 

The only unital composition algebras (recall that the ground field is being 
assumed to be algebraically closed) are, up to isomorphism, the ground field 
k, the cartesian product of two copies of the ground field JC = k x k, the 
split quaternion algebra, which is the algebra of two by two matrices Q = 
Mat2(/i;), and the split octonion algebra O (see, for instance, [331 Chapter 
2]). 

On the other hand, given a finite dimensional unital Jordan algebra J 
of degree n (see [13]), we denote by T{x) its generic trace (T(l) = n), by 
N{x) its generic norm and by the subspace of trace zero elements. Then 
t = is a normalized trace. If Rx is the right multiplication by x, the 
map dx,y : J ^ J given by 

dx,yiz) = [Rx,Ry] (3.13) 

is a derivation. 

Now, given a unital composition algebra C, one may consider the subspace 
Hn{C) of n X n hermitian matrices over C with respect to the standard 
involution (xij)* = {xji). This is a Jordan algebra with the symmetrized 
product x»y = ^{xy + yx) if either C is associative or n < 3. For C = k, this 
is just the algebra of symmetric nxn matrices, for C = K, this is isomorphic 
to the algebra Mat„(A;) with the symmetrized product, while for C = Q 
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this is the algebra of symmetric matrices for the symplectic involution in 
Mat„(Mat2(fc)) ~ Mat2n(A;). 

Up to isomorphisms, the simple Jordan algebras are the following: 

degree 1: The ground field k. 

degree 2: The Jordan algebras of nondegenerate symmetric bilinear forms 
J{V,ip). 

degree n > 3: The Jordan algebras Hn{k), Hn{lC) and Hn{Q), plus the 
degree three Jordan algebra H^{0). 

For the simple Jordan algebras, the derivations dx^y's span the whole Lie 
algebra of derivations Der(^). 

It turns out that the conditions in Proposition 13.41 are satisfied if X = C is 
a unital composition algebra and Y = J' isa degree three Jordan algebra (see 
[29] and [5^, Proposition 3.24]). This is the Classical Tits Construction, which 
gives rise to Freudenthal's Magic Square (Table [1]), if the simple Jordan 
algebras of degree three are taken as the second ingredient. 



T{C,J) 


Hsik) 








k 




A2 


C3 


Fi 


K 


A2 


A2®A2 


A5 


Eg 


Q 




^5 


Dq 


E7 


O 


F4 




Ej 


Es 



Table 1. Freudenthal's Magic Square 



In the third and fourth rows of this Magic Square (that is, if the com- 
position algebras Q and O are considered), there appears the reductive 
decomposition: 

T{C, J) = (Der(C) BeiiJ)) (Cq Jo) , 

and this shows that, with dimC being either 4 or 8 and J being a simple 
degree three Jordan algebra, Cq (8) Jq is an irreducible LY-algebra with binary 
and ternary products given by 

(a (g) x) • (6 ® y) = ^[a, 6] (g) (x • y - t{x • y)l), 

[ai (g) xi, 02 (g X2, as (g) X3] = Da^^aiiaz) t{xi • X2)xz (3-14) 

+ t(aia2)a3 (g dx^^xiix^) 
for any ai , 02 , 03 G C and xi , X2 , X3 G JT". □ 

Consider the third row of the Classical Tits Construction, with an arbi- 
trary unital Jordan algebra of degree n. Since Q is associative, the inner 
derivation Da^h in P-Hp is just ^adja,;,], thus Der(Q) can be identified to 
Qo- The linear map (Qo ® J) ® Der(J) T{Q, J), which is the identity 
on Der(J') and takes a (g 1 to ad^ G Der(Q) and a g) x to 2(a Cg) x), for 
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any a G Qo and x £ Jq, is then a bijection. Under this bijection, the anti- 
commutative product on T(Q, J') is transferred to the following product on 
0= (Qo^^) ©Der(J): 

Der( J") is a subalgebra of g, 

[d,a (g) x] = a iS> d{x), (3.15) 

[a (8i X, 6 (8" y] = ([a, 6] a; • y) + 2 tic{ab)dx,y 

for any a, 6 G Qo; x,y £ J' and d G Der( J'). 

For any Jordan algebra J^, Tits showed in [28j that this bracket gives 
a Lie algebra q. This is the well-known Tits-Kantor-Koecher Lie algebra 
attached to J (see [28l ttH HH]). Therefore, the third row of the Classical 
Tits Construction is valid for any unital Jordan algebra, not just for degree 
three Jordan algebras. 

Remark 3.7. Take, for instance, the Jordan algebra = Hn{IC), which 
can be identified with the algebra of n x n matrices Mat,i(fe), but with 
the Jordan product x • y = ^{xy + yx) = ^{Ix + rx){y), where Ix and 
Vx denote, respectively, the left and right multiplication in the associative 
algebra Matn{k). Then for any x,y € J', the inner derivation dx^y equals 
\[lx + rx,ly + Vy] = ^ad[x,y]- Since Q = Mat2(fc), for any a,b £ Qq and 
x,y € j7o, the Lie bracket in ()3.15p gives, for any a,b £ Qo = s[2{k) and 
x,y £ Jo =sln{k): 

11 2 1 

[a^x,b®y] = -tT:(xy)[a,b] + -[a,b]®(xy + yx tr(xy)l) + - tr(a6)[x, yl. 

n 2 n 2 

This is exactly the multiplication in (j3.5|) with ni = 2 and n2 = n. 

Actually, we can think of the construction in Example 13.31 as a sort of 
Generalized Tits Construction T{Hn^{IC), Hn^iK.)). 

On the other hand, let (¥2,^2) be a vector space endowed with a non- 
degenerate e-symmetric bilinear form. Then J = 5t)m{V2,(p2) is a Jor- 
dan algebra with the symmetrized product f • g = \{fg + gf)- If e = 1 
and dimTy = n, then J is isomorphic to Hn{k), while if e = —1 and 
dimVF = 2n, then J is isomorphic to Hn{Q). As in the previous remark, 
and since Qo = 5l2{k) ~ sp(Vi,(/?i), where Vi is a two-dimensional vector 
space endowed with a nonzero skew-symmetric bilinear form ipi, the Lie 
bracket in (|3.15|) is exactly the multiplication in (|3.3|) . This means that 
the irreducible LY-algebra in Example 13.21 is the LY-algebra obtained inside 

Finally, if again (V2, if 2) is a vector space endowed with a nondegenerate 
symmetric bilinear form and J2 = i7(^5V'2) is the associated Jordan al- 
gebra, since adQg is isomorphic to the orthogonal Lie algebra so(Qo)^Iqo) 
(recall that n denotes the norm of the composition algebra Q, which in 
this case coincides with the determinant of 2 x 2 matrices), it follows easily 
that T(Q, ^2) is isomorphic to T(j7i, 1/2) (see Remark l3.5|) . where Ji is the 
Jordan algebra of the nondegenerate symmetric bilinear form n\Qg. 

Therefore, concerning the LY-algebras inside the Classical Tits Construc- 
tion, only the cases T{Q,H3{0)) and T{0,H2,{C)) for C = k, IC, Q, or O 
are not covered by the previous examples. □ 
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3.3. Symplectic triple systems. There is anotlier type of examples of 
irreducible LY-algebras (actually, of irreducible Lie triple systems) with ex- 
ceptional enveloping Lie algebra, which appears in terms of the so called 
symplectic triple systems or, equivalently, of Freudenthal triple systems. 

Symplectic triple systems were introduced first in [32j. They are basic 
ingredients in the construction of some 5-graded Lie algebras (and hence 
Z2-graded algebras). They consist of a vector space T endowed with a 
trilinear product {xyz} and a nonzero skew-symmetric bilinear form (x, y) 
satisfying some conditions (see Definition 2.1 in ^ for a complete descrip- 
tion). Following 0, from any symplectic triple system T, a Lie algebra can 
be defined on the vector space 

g{T) = sp{V) e (y (g) r) e Inder(r) (3.16) 

where ^ is a 2-dimensional space endowed with a nonzero skew-symmetric 
bilinear form ip and InderT = span{dx,y = {xy-} : x,y (zT) is the Lie alge- 
bra of inner derivations of T, by considering the anticommutative product 
given by: 

• 5p{V) and Inder(T) are Lie subalgebras of 0(T), 

• [5p(y),Inder(T)] = 0, 

• [f + d,v x] = f{v) X + V ® d{x), 

• with ipu,v = 9?('U, ■)v + ip{v, .)u (as usual), 

[u0x,v0y] = (x, y)(pu,v + viu, v)dx,y (3-17) 

for all / G 5p{V), d G Inder(T), n, u G 1/ and x,y & T. The decomposition 
Qq = 5p{V) © Lider(T) and qi = V provides a Z2-graduation on q{T), 
so the odd part = F ® T is a LY-algebra with trivial binary product (Lie 
triple system). The simplicity of q{T) is equivalent to that of T, which is 
characterized by the nondegeneracy of the associated bilinear form {x,y). 
Note that viewing spiV) as 5[{V), and V as its natural module, a 5-grading 
is obtained by looking at the eigenspaces of the adjoint action of a Cartan 
subalgebra in 5l{V). This feature relates symplectic triples with structurable 
algebras with a one-dimensional space of skew-hermitian elements (see [1] ) . 

Symplectic triple systems are also related to Freudenthal triple systems 
(see [22 ) and to Faulkner ternary algebras introduced in [8l|9]. In fact, in 
the simple case all these systems are essentially equivalent (see [7]). 

Among the simple symplectic triple systems (see [[7J) use will be made of 
the following ones: 

Tj = {(^ ■.a,Pek,a,bej] (3.18) 

where J = J'ordan{n, c) is the Jordan algebra of a nondegenerate cubic form 
n with basepoint (see \21\ II. 4. 3] for a definition) of one of the following types: 
J = k, n{a) = and t{a, [5) = 3a/3 oi J = H'j,{C) for a unital composition 
algebra C. Theorem 2.21 in displays carefully the product and bilinear 
form for the triple systems Tj and Theorem 2.30 describes the structure of 
The information on the Lie algebras involved is given in Table [21 

From these symplectic triple systems, five new constructions of excep- 
tional Lie algebras, exactly one for each simple Jordan algebra J above, 
and hence a new family of LY-algebras appears: 
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J- J 




t-r 








Inder Tj 


Ax 


C3 


^5 


De 


Ej 


0(^:7) 


G2 


Fa 






Es 



Table 2. g(Tj)-algebras 



Example 3.8. Let Tj be the symplectic triple system defined in (j3.18p 
where either ^ is A; with norm n(a) = a^, or it is H3{C) with its generic 
norm for a unital composition algebra C. The Lie algebra q{Tj) given in 
()3.16p is simple and presents the reductive decomposition g{Tj) = © m, 
where f) = sp(F) ©Inder Tj and m = V^Tj. In these cases, i) is isomorphic 
to the semisimple Lie algebra of type Ai © L, with L = Ai, C3, A^, Dq or 
Ej as in Table [2 Moreover, f) acts irreducible on m and therefore V ® Tj 
becomes an irreducible LY-algebra with trivial binary product (that is, it is 
an irreducible Lie triple system) and ternary product given by: 

[u ® x^v ® y,w ® z\ = (x, y)ipu,v{w) ® z + ip{u, v)w {xyz} (3.19) 

where (x, y) and {xyz} are the alternating form and the triple product of 
Tj. Its standard enveloping Lie algebra is, because of Proposition \l.'S\ the 
Lie algebra q{Tj), whose type is given in Tabled] too. □ 



4. Classification 

As shown in Section 2, the irreducible Lie-Yamaguti algebras of non- 
simple type are those for which the inner derivation algebra is semisimple and 
nonsimple. According to Theorem 12. 11 the standard enveloping Lie algebras 
of such LY-algebras are simple Lie algebras, so following Proposition II. 31 the 
classification of such LY-algebras can be reduced to determine the reductive 
decompositions = © m satisfying 

(a) g is a simple Lie algebra 

(b) f) is a semisimple and non simple subalgebra of Q (4.1) 

(c) m is an irreducible ad f)-module 

In this section we classify the irreducible LY-algebras of non-simple type 
and, first of all, the irreducible LY-algebras whose standard enveloping is 
classical, that is, isomorphic to either s[„(/c) (special), n > 2, 50„(A;) (or- 
thogonal), n > 3, or 5p2n{k) (symplectic), n > 1. 

Theorem 4.1. Let {m,x ■ y, [x,y,z]) be an irreducible LY-algebra of non- 
simple type whose standard enveloping Lie algebra is simple and classical. 
Then, up to isomorphism, either: 

(i) m = s[{Vi) (8> sl(V2) for some vector spaces Vi and V2 with 2 < 
dimVi < dimV2 <ind (dim 14, dim V2) 7^ (2,2), as in Example \3.3l 
with binary and ternary products given in (j3.6p . 
In this case the standard enveloping Lie algebra is isomorphic to the 
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special linear algebra s((Vi ® V2) and the inner derivation algebra to 

s[(yi)es((V2). 

(ii) m = Vi (8) V2 for some vector spaces V\ and V2 endowed with nonde- 
generate symmetric bilinear forms with 3 < dim Vi < dim V2 as in 
Example \3.1l This is an irreducible Lie triple system, whose triple 
product is given in (13.20 . Alternatively, this is the LY-algebra inside 
the Tits construction T{J'{Vi), J'{V2)) for two Jordan algebras of 
symmetric bilinear forms in Remark \3.5[ 

In this case the standard enveloping Lie algebra is isomorphic to the 
orthogonal Lie algebra 5o{Vi © V2) and the inner derivation algebra 
to 5o{Vi) ©50(^2). 

(iii) m = l^i (8) V2 for some vector spaces V\ and V2 endowed with nonde- 
generate skew- symmetric bilinear forms with 2 < dim Vi < dim V2 as 
in Example \3.1{ This is an irreducible Lie triple system, whose triple 
product is given in (13. 2p . Alternatively, this is the LY-algebra inside 
the Tits construction T (J' (Vi) , J' {V2)) for two Jordan superalgebras 
of skew- symmetric bilinear forms in Remark 13.51 

In this case the standard enveloping Lie algebra is isomorphic to the 
symplectic Lie algebra 5p{Vi © V2) and the inner derivation algebra 

to 5p(Vi) ©Sp(V2). 

(iv) m = sp(Vi) © jTo, where Vi is a two-dimensional vector space en- 
dowed with a nonzero skew- symmetric bilinear form and J is the 
Jordan algebra Hn{k) for n > 3 (that is, isomorphic to st)m(V2, ^P2), 
for a vector space V2 of dimension n endowed with a nondegenerate 
symmetric bilinear form ip2). The binary and ternary products are 
given in ()3.4p . Alternatively, this is the LY-algebra inside the Tits 
construction T{Q, Hn{k)) (see Remark \3. 7^ . 

In this case the standard enveloping Lie algebra is isomorphic to the 
symplectic Lie algebra 5p{Vi © V2) — sp2„(A;), and the inner deriva- 
tion algebra to 5p{Vi) ffiso(V2). 

(v) m = 5P{Vi)^Jq, where Vi is a two-dimensional vector space endowed 
with a nonzero skew-symmetric bilinear form and J is the Jordan 
algebra Hn{Q) for n > 3 (that is, isomorphic to sr)m(V2, for 
a vector space V2 of dimension 2n endowed with a nondegenerate 
skew- symmetric bilinear form 1^2) ■ The binary and ternary products 
are given in (13. 4p . Alternatively, this is the LY-algebra inside the 
Tits construction T{Q, Hn{Q)) (see Remark \3. 7| j. 

In this case the standard enveloping Lie algebra is isomorphic to 
the orthogonal Lie algebra 50(^1 © V2) — 504^ (A;), and the inner 
derivation algebra to sp(Vi) ©sp(V2). 

Proof. The irreducible LY-algebras of non-simple type with classical en- 
veloping Lie algebras are those obtained from reductive decompositions 
= f) © m satisfying (j4.ip . where g is a classical simple Lie algebra and 
f) = f)i©[)2 50/f)j semisimple. In this case, f) is a maximal subalgebra of g 
and Proposition 11.31 asserts that m is exactly the orthogonal complement of 
t) with respect to the Killing form of g. 

Suppose first that g is (isomorphic to) the special linear Lie algebra 5l{V) 
for some vector space V of dimension > 2. li V were not irreducible as 
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a module for f), then by Weyl's Theorem, there would exist f)-invariant 
subspaces Vi and V2 with V = Vi ® V2, but then I) would be contained 
in the subalgebra s[(yi) © s[(V2) which is not maximal. Therefore, V is 
irreducible too as a module for f). Hence, up to isomorphism, the f)-module 

V decomposes as a tensor product ^ = Fi ® V2 for some irreducible module 
Vi for [)i and some irreducible module V2 for 1)2- It can be assumed that 
2 < dim Vi < dim V2. Then f) is contained in the subalgebra s[(yi) (8) fclva © 
klvi (8'sl(V2) of 5l{Vi (8) V2) and, by maximality, i) is exactly this subalgebra. 
Hence, we are in the situation of Example 13.31 and Proposition 11.31 shows 
that the only complementary subspace to f) in g which is [^-invariant is its 
orthogonal complement relative to the Killing form. This uniqueness shows 
that we are dealing with the irreducible LY-algebra in Example 13.31 thus 
obtaining case (i). 

Suppose now that q is isomorphic to the Lie algebra of skew symmetric 
linear maps of a vector space V endowed with a nondegenerate symmetric 
or skew-symmetric bilinear map ip. 

If V is not irreducible as a module for f), and W is an irreducible Pi- 
submodule of V with ip{W, W) 7^ 0, then by irreducibility the restriction of 
99 to is nondegenerate, so V is the orthogonal sum V = W (B W-^. By 
maximality of f), f) is precisely the subalgebra stcrD(Ty) ©stett)(H^-'-), and the 
situation of Example 13.11 appears. Because of the uniqueness in Proposition 
11.31 items (ii) (for symmetric (p) or (iii) (for skew-symmetric ip) are obtained. 

On the other hand, if V is not irreducible as a module for f), and the 
restriction of (p to any irreducible f)-submodule of V is trivial then, by 
Weyl's theorem on complete reducibility, given an irreducible submodule 
Wi, there is another irreducible submodule W2 with ip{Wi,W2) 7^ 0. Since 
(p(Wi,Wi) = = y:>{W2,W2), Wi and W2 are contragredient modules and 

V = (Wi©W2)©(Wi©1^2)"^- Proceeding in the same way with (H^i©W2)-^, 
it is obtained that V = Vi (BV2 for some f)-invariant subspaces Vi and V2 
such that the restrictions of (p to Vi and V2 are trivial. Then t) is con- 
tained in {/ G 5hn}{V,ip) : f{Vi) Q Vi, i = 1,2}, which is ^pvi,V2- But this 
contradicts the maximality of f), since (pvi,V2 is contained in the subalgebra 
^Vi,V2 ® ^Vi,Vi- 

Finally, if V remains irreducible as a module for f) then, as above, there 
is a decomposition F = Vi (8) V2 for an irreducible module Vi for i = 1, 2, 
endowed with a nondegenerate symmetric or skew-symmetric bilinear form 
(fi such that ip = ipi ^ {p2- By maximality of (] and Proposition 11.31 we are 
in the situation of Example 13.21 thus obtaining cases (iv) and (v) depending 
on ip being either skew-symmetric or symmetric respectively. □ 

Now it is time to deal with the irreducible LY-algebras with exceptional 
standard enveloping Lie algebras. These algebras appear inside reductive 
decompositions 5 = f) © m satisfying (j4.ip with 5 a simple exceptional Lie 
algebra, and hence of type G2, -F4, £"6! or Eg- Over the complex field, a 
thorough description of the maximal semisimple subalgebras of the simple 
exceptional Lie algebras is given in [6]. The following result shows that 
the reductive decomposition we are looking for can be transferred to the 
complex field, so the results in [6j can be used over our ground field to get 
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the classification of the exceptional irreducible LY-algebras of non-simple 
type. 

Lemma 4.2. Let g = f) © m 6e a reductive decomposition over our ground 
field k. Then there is an algebraically closed subfield k' of k, an embedding 
L : k' ^ C and a Lie algebra q' over k' with a reductive decomposition 
g' = f)' © m' such that = 0' 0k' k, i) = i)' 0k' k and m = m' 0)k' k. 

Proof. Let {xi : i = 1, . . . ,n} be a basis of over k such that {xi : i = 
1, . . . , m} is a basis of f) and {xm+i, ■ ■ ■ , Xn} is a basis of m (1 < m < n). 
For any I < i < j < n, [xi,Xj] = X^"=i CK^j^fc; for some a^j € k (the 
structure constants). Note that the decomposition being reductive means 
that a^j = for 1 < i < j < m and m+l < < n (f) is a subalgebra), and for 
1 < i,k < m and m + l < j < n. Let k" be the subfield of k generated (over 
the rational numbers) by the structure constants. Since the transcendence 
degree of the extension C/Q is infinite, there is an embedding l" : k" — > C. 
Finally, let k' be the algebraic closure of k" on k. By uniqueness of the 
algebraic closure, i" extends to an embedding z. : A;' — > C. Now, it is enough 
to take i)' = YT=i k'xi, m' = TJl=m+i k'xi and 0' = ()' © m'. □ 

Therefore, if = [)©m is a reductive decomposition of a simple exceptional 
Lie algebra over our ground field k, with f) semisimple but not simple, and 
with m an irreducible module for [), take 0', f}' and m' as in the previous 
Lemma 14.21 Then there exists the reductive decomposition = t) © m over 
C, where = 0' (8>fc' C (via l) and also ^ = f)' ®k' C and rfi = m' ®k' C. Since 
is simple and 0' is a form of 0, 0' is simple too and of the same type as 0, 
and hence so is 0. In the same vein, [), \]' and f) are semisimple Lie algebras 
of the same type, and the highest weights of m and m "coincide" , as both 
are obtained from the highest weight of m' relative to a Cartan subalgebra 
and an ordering of the roots for \}' . 

The displayed list of maximal subalgebras of complex semisimple Lie al- 
gebras given in [6] distinguishes the regular maximal subalgebras and the 
so called 5-subalgebras. Following [B], a subalgebra r of a semisimple Lie 
algebra is said to be regular in case r has a basis formed by some elements 
of a Cartan subalgebra of and some elements of its root spaces. On the 
other hand, an S-subalgebra is a subalgebra s not contained in any regu- 
lar subalgebra. We observe that maximal subalgebras are either regular or 
5-subalgebras and regular maximal subalgebras have maximal rank, that 
is, the rank of the semisimple algebras they are living in. Hence, the in- 
ner derivation Lie algebras of the irreducible LY-algebras belong to one of 
these classes of subalgebras and, in case of nonzero binary product, they are 
necessarily S'-subalgebras: 

Lemma 4.3. Let m be an irreducible LY-algebra which is not of adjoint 
type. If the binary product in m is not trivial, then the inner derivation 
Lie algebra D(m,m) is a maximal semisimple S'-subalgebra of the simple 
standard enveloping Lie algebra of m. 

Proof. Following Theorem 12.11 and Corollarv 12.31 D{m,m) is a maximal 
semisimple subalgebra of the simple enveloping Lie algebra 0(m) and m is a 
selfdual D(m, m)-module. Let A be the highest weight of m as a module for 
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D(m, m) with respect to a Cartan subalgebra H of D(m,m) and an ordering 
of the roots, so m = V{X) as a module. Then —A is its lowest weight (m is 
self dual). Since the binary product on m is nonzero, so is the vector space 
Hom£)(^„^)(V(A) (8" V{X),V{X)). Moreover, any map if in this space is de- 
termined by ip{vx <SiV-x) G V{X)o with vx and V-x weight vectors of weights 
A and —A, and V{X)o the zero weight space in V{X). Then V{X)o must be 
non trivial and, as V{X)() is contained in the centralizer of H in 5(m), the 
subalgebra H is not a Cartan subalgebra of g{m). Therefore, L'(m,m) is not 
a maximal rank subalgebra of g(m) and hence it is an S'-subalgebra. □ 

The irreducible LY-algebras of non-simple type whose standard envelop- 
ing Lie algebra is exceptional are classified in the next result. 

Theorem 4.4. Let {m,x ■ y, [x,y,z]) be an irreducible LY-algebra of non- 
simple type whose standard enveloping Lie algebra is a simple exceptional 
Lie algebra. Then, up to isomorphism, either: 

(i) m = VCS)Tjj where V is a two dimensional vector space endowed with 
a nonzero skew- symmetric bilinear form and Tj is the symplectic 
triple system associated to a Jordan algebra J isomorphic either to 
k, H3{k), H^{'IC), H^iQ) or {{^{O), as in Example l^.i^l This is an 
irreducible Lie triple system whose ternary product is given in (|3.19p . 
In this case, the standard enveloping Lie algebra is the exceptional 
simple Lie algebra of type G2 for J = k, for J = H-^^k), Eq 
for J = H-siJC), E7 for J = H^{Q) and Es for J = HsiO), while 
its inner derivation Lie algebra is isomorphic respectively to 5l2{k) © 
Si2ik), s[2(fe)©Sp6(^), s[2(fe)©Sl6(A;), 5l2(fe) ©50i2(fe) and5[2{k)(BEj. 

(ii) m = Co (X" J7o; where J is one of the Jordan algebras H^lk), H^{1C), 
H'i{Q) or H'i{0). This is the irreducible LY-algebra inside the Clas- 
sical Tits Construction T{0, in Example \3.6l The binary and 
ternary products are given in p.l4p . 

In this case, the standard enveloping Lie algebra is the exceptional 
simple Lie algebra of type F4 for J = H^{k), Eq for J = H^{K,), Ej 
for J = H^{Q) and Eg for J = H^[0), while its inner derivation 
Lie algebra is isomorphic respectively to G2 ®s[2(^), G2 ®5l3{k), 
G2 © sp6(A:) and G2 © ^4- 

(iii) m = Qo © H-i{0)Q is the irreducible LY-algebra inside the Classical 
Tits Construction T{Q,H-i{0)) in Example \3.(k The binary and 
ternary products are given in ()3.14p . 

In this case, the standard enveloping Lie algebra is the exceptional 
simple Lie algebra of type E-j, while its inner derivation Lie algebra 
is isomorphic 5{2{k) © -F4. 

Proof. Following (|4.ip . we must find reductive decompositions 5 = © 
m with g exceptional simple, f) semisimple but not simple and m irre- 
ducible. In case the binary product is trivial, m is an irreducible Lie triple 
system. Up to isomorphism, these triple systems fit into one of the fol- 
lowing (g(m),L'(m,m),m) possibilities (see [10]): (G2,^i x Ai,V{Xi) © 
V{2,^Jil)), iF^,AixG3, F(Ai)©y(;U3)), (^6, ^1 X A, y(Ai)©F(^3)), (^7, ^1 x 
De, V{Xi) © Vi^ie)), (^s, ^1 x Er, V{Xi) © ^(^7))- In the above list, V{X) © 
V{fi) indicates the irreducible module structure of m, described by means 
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of the fundamental weights Aj and //j relative to fixed Cartan subalgebras 
in each component of f) = Li x L2. The notation follows [llj. In all these 
cases, is a Z2-graded simple Lie algebra in which the odd part contains 
a 3-dimensional simple ideal of type Ai for which the even part is a sum 
of copies of a 2-dimensional irreducible module. Identifying Ai and V{\i) 
with sp(y) and V respectively, for a two dimensional vector space V en- 
dowed with a nonzero skew-symmetric bilinear form, the following general 
description for these reductive decompositions follows: 

Q = 5)fi{V)®5®{V (^T) (4.2) 

where 5 is a simple Lie algebra. Then, Theorem 2.9 in [7j shows that T 
is endowed with a structure of a simple symplectic triple system obtained 
from the Lie bracket of g for which 5 = Inder(T). It follows that g is the 
Lie algebra q{T) in (I3.16p . An inspection of the classification of the simple 
symplectic triple systems displayed in [71 Theorem 2.30] shows that the only 
possibilities for T are those given in Example 13.81 Thus item (i) is obtained. 

Now let us assume that the binary product is not trivial. From Lemma 
14.31 it follows that f) is a maximal semisimple 5'-subalgebra of g. Because 
of [HI Theorem 14.1], there exist only eight possible pairs (g,f)) with f) not 
simple and g exceptional: (^4,^2 Ai), {E^,G2 A2), (£^7,^2 C3), 
{Et, © ^1), (^7, G2 ^1), {Et, Ai © ^1), (Eg, G2 © F4), (^8, ^2 © ^1). 
Now, the irreducible and nontrivial action of f) on m implies that this is a 
tensor product m = V{\) ® V{pL) with F(A), irreducible modules of 

nonzero dominant weights A and /x for each one of the simple components in 
f). Computing dimensions and possible irreducible modules of the involved 
algebras, the following descriptions of m, as a module for [) are obtained: 

(F4, G2 © Ai): Here dimm = 52 - (14 3) = 35 = 7 x 5. The only pos- 
sibility for m is to be the tensor product of the seven dimensional 
irreducible module for G2 and the five dimensional irreducible mod- 
ule for Ai:m = V{\i) ® V{A^i). 

{Eq, G2 © A2): Here dimm = 78 - (14 + 8) = 56. The only possibility for 
m is to be the tensor product of the seven dimensional irreducible 
module for G2 and the adjoint module for A2: m = V{Xi) © V{fii + 

/^2)- 

{Er, G2 © C3): Here dimm = 133- (14-^21) = 98. The only possibility for 
m is to be the tensor product of the seven dimensional irreducible 
module for G2 and a fourteen dimensional module for C3: m = 
V{Xi) (8) V{iJ:2)- (The weight /is for C3 cannot occur as this module 
is not self dual.) 

{Et, F4 © Ai): Here dimm = 133-(52-h3) = 78. The only possibility for m 
is to be the tensor product of the twenty six dimensional irreducible 
module for F4 and the adjoint module for ^1: m = V{X4) (g) V{2fii). 

{Es, G2 © -F4): Here dimm = 248 - (14 + 52) = 182. The only possibility 
for m is to be the tensor product of the seven dimensional irreducible 
module for G2 and the twenty six dimensional module for i<4: m = 

F(Ai)0y(/i4). 
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{Et, G2 e Ai): Here dimm = 133 - (14 + 3) = 116 = 2^ x 29. As G2 has 
no irreducible modules of dimension 2, 4, 29 or 58, this case is not 
possible. 

(£^7,^1 e^i): Here dimm = 133 - (3 + 3) = 127. Since 127 is prime, 

there is no possible factorization. 
(Eg, A2 e Ai): Here dimm = 248 - (8 + 3) = 237 = 3 x 79. As A2 has no 

irreducible module of dimension 79 and its modules of dimension 3 

are not selfdual, this case is impossible too. 

Note that the possible reductive decompositions above fit exactly into the 
Classical Tits Construction of exceptional Lie algebras given in Example l3.61 
By identifying G2 with Der(C') and V{Xi) with Oq, and F4 with BeriHs^O)) 
andy(A4) with i73(C')o, the case (S8,G2©F4) corresponds to T {O , HsiO)) . 
Also, with the identifications Ai ~ Ber Hs{k) and V{4^i) ~ H^{k)Q, A2 ^ 
BQiH^iK,) and V{^ll+^l2) ^ H^{lC)o (recaU /C = A;x A;), C3 - Bei H^{Q) and 
y(/X2) ~ H3{Q)o, the cases (F4, G2 Ai), {Eq, G2 A2) and {E7, G2 © C3) 
are given by T{0,J) with J = H^ik), i?3(/C) or ^3(2). Finally, the 
case {Ei,Fi © ^1) corresponds to T{Q, {{^{O)) under the identifications 
F4 ~ BeiHsiO) and V{X4) ^ H^{0)o, Ai ~ Der Q and V{2iii) ~ Qo- 

On the other hand, if A denotes either the algebra of quaternions or 
octonions, the subspaces HomDeryl(-^o ® Ao^ Der A), HomDer^(-Ao ® Ao,k) 
and HomDeryi("Ao ® Ao^Ao) are spanned by a © 6 1— > Da,b-, a®b ^ tr(a6) 
and a © 6 I— > [a, 6] respectively, where Da,b is defined in (13. lip and tr(a) is 
the trace form, while if J denotes one of the Jordan algebras H^{k), H'i{Q), 
or H3{0), the subspaces Homoer j^(c7o © Jo,Ber J), RouiDerjiJo © Jo,k) 
and HomDcr j'(i7o © Jo, Jg) are spanned by x © y 1— dx^y, x © y T{xy) and 
x®y^xi^y = x»y — ^T(xy)l, with dx^y as in (j3.13p and T{x) the generic 
trace. Then, by imposing the Jacobi identity, it is easily checked that, up to 
scalars, there exists only one way to introduce a Lie product in the vector 
space (Der A © Der j) © [Aq ® J) , lor A = Q ot A = O , with the natural 
actions of the derivation algebras on A and J . This product is given by 

[a © X, 6 © y] = —T{xy)Dafi + 2a^ iv{ab)dx^y + a[a, h] x-ky (4.3) 

where a G /c. The resulting algebras for the same ingredients and different 
nonzero scalars a are all isomorphic and hence isomorphic to the Classical 
Tits Construction T{0,J) with J 7^ i?3(/C), or T{Q,H3{0)). 

For J7 = H^iJC) (which is isomorphic to the algebra Mat3(/c) with the 
symmetrized product), Jq is isomorphic to the adjoint module Der JT", and 
hence the subspaces HomDerj'(^o © Jo-, Jo) and HomDerj'(^o © J7o,Der JT") 
have dimension 2, being spanned by the symmetric product x-ky and the skew 
product dx,y Since the products in HomDerC'(C'o © Oo-,C>q) are skew and 
symmetric in HomDerC'(C'o © Oo-,k), the anticommutativity imposed in the 
construction of a Lie algebra on the vector space (Der O© Der J") (C'o©c7) 
with the natural actions of the derivation algebras on O and J , can only be 
guaranteed if a symmetric product in HomDerj'(^o © Jo-, Jo) and a skew- 
symmetric one in HomDer ^(cTo © J7o,Der J") are used. This yields again the 
Lie product in (j4.3p and, up to isomorphism, the corresponding Classical 
Tits Construction T{0,H^{1C)) given in Example 13.61 This provides cases 
(ii) and (iii) in the Theorem. □ 
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Concluding remarks 

As mentioned in the Introduction, concerning the isotropy irreducible 
homogeneous spaces, Wolf remarked in [30J that only the irreducible homo- 
geneous spaces SO(dimii')/ adK for an arbitrary compact simple Lie group 
follow a clear pattern. These are related to the reductive pairs (so(L), adL) 
for a simple Lie algebra L, so adL = Der(L) = [Der(L), Der(L)], and hence 
the reductive pair can be written as (5o(L), Der(L)). 

The examples in Section [3] follow clear patterns too. Moreover, a closer 
look at the classification of the non-simple type irreducible LY-algebras 
shows that, apart from the irreducible Lie triple systems and the exceptional 
cases that appear related to the Classical Tits Construction in Theorem 14. 4^ 
there are two more classes, that correspond to Examples 13.21 and 13.31 

Concerning the irreducible LY-algebras in Example 13.21 let {Vi,(pi) be 
a two dimensional vector space endowed with a nonzero skew-symmetric 
bilinear form, and let {¥2,1^2) be another vector space of dimension > 3 
endowed with a nondegenerate e-symmetric bilinear form. Then T = Vi<SiV2 
is an irreducible Lie triple system, as in Example 13.11 whose Lie algebra of 
derivations is Der(T) = sp(Vi, (^1) ©stcrD(V2, ip2)- Hence, the reductive pair 
(g, ()) in Example 13.21 (or in Theorem l4.1l items (iv) and (v)), is nothing else 
but {stett){T,ipi(g,ip2),BeT{T)). 

Also, in Example 13.31 (or the first item in Theorem 14. ip two vector spaces 
Vi and V2 of dimension rii and n2 are considered. The tensor product 
Vi^V2 can be identified to A;"^ fc"^ or to the space of rectangular matrices 
V = Mat„^xn2(^)- The pair V = {V, V) is a Jordan pair (see [20]) under the 
product given by {xyz} = xy^z + zy^x for any x,y, z V. The Lie algebra of 
derivations is Der(V) = s[„^(A;)©s[„2(^)©^, which acts naturally on V, and 
then its derived algebra is Dero(V) = [Der(V), Der(V)] = slmik) Qslniik). 
Hence the reductive pair associated to the irreducible LY-algebra in Example 
[33] is the pair (s[(y), Dero(V)) . 

This sort of patterns will explain most of the situations that arise in the 
generic case [H]. 
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